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S16.7

Using Stokes’ Theorem to Find Line Integrals
In Exercises 1-6, use the surface integral in Stokes’ Theorem to calcu-
late the circulation of the field F around the curve C in the indicated
direction.
5. F =02 +z2)i+ (x2+yH)j + (x* + yHk
C: The square bounded by the lines x = +1 and y = +1 in the
xy-plane, counterclockwise when viewed from above
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9. Let S be the cylinder x> + y? = 42,0 = z =< h, together with
its top, x> + y> =a? z=h. Let F = —yi + xj + x’k. Use
Stokes’ Theorem to find the flux of V X F outward through S.

3 ! 4
Sel) C & Fip= dcosti+ashty, 0<t<2p /\/,,[}S
i3 — R
TL T —ASintTtacest
D40 _ . Iy
F - ﬁ:‘["asm‘t)'(hug'”t)"‘(QCdSt)LOL(‘os.“f‘,S'—‘QL // />.‘
L [ A7
= c
V< F

X

U)L’“

do = 3F.47 T
g

ddt = 27

o



Stokes’ Theorem for Parametrized Surfaces
In Exercises 13—18, use the surface integral in Stokes’ Theorem to cal-

culate the flux of the curl of the field F across the surface S in the di-
rection of the outward unit normal n.

17. F = 3yi + (5 — 2x)j + (z* — 2)k

S: r(¢p,0) = (\/_’:sinqﬁcoso)i + (\/gsinq&sine)j +
(V3cosd)k, 0=¢p=m/2, 0=6=2n
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26. Zero curl, yet field not conservative Show that the curl of

REA + x j +zk
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1s zero but that

is not zero if C is the circle x> + y? = 1 in the xy-plane. (Theo-
rem 7 does not apply here because the domain of F is not simply
connected. The field F is not defined along the z-axis so there is
no_way to contract C' to a point without leaving the domain of F.)
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Calculating Flux Using the Divergence Theorem
In Exercises 5-16, use the Divergence Theorem to find the outward
flux of F across the boundary of the region D.

5. Cube F=(y—x)i+(z—-yp)j+(y—xk

D:The cube bounded by the planes x = +1, y = +1, and

z = +1

13. Thick sphere F = Vx? + y? + 22 (xi + yj + zk)
D: Theregion I = x* + y? +-'<2
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18. Let F, and F; be differentiable vector fields and let @ and b be ar-
bitrary real constants. Verify the following identities.

a. V- (aF, + bF,) = aV-F, + bV F,

b. V X (aF, + bF;) = aV X F| + bV X F,

¢. V.(FI XF,)=F,'VXF —F " ‘'VXF,
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25. Volume of a solid region LetF = xi + yj + zk and suppose
that the surface S and region D satisfy the hypotheses of the Diver-
gence Theorem. Show that the volume of D is given by the formula
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g[/F ndo.
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29. Green’s first formula Suppose that f and g are scalar functions
with continuous first- and second-order partial derivatives
throughout a region D that is bounded by a closed piecewise
smooth surface S. Show that

//ng-nda=// (f Vg + Vf-Vg)dV. 9)
°s D

Equation (9) is Green’s first formula. (Hint: Apply the Diver-
gence Theorem to the field F = f Vg.)
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30. Green’s second formula (Continuation of Exercise 29.) Inter-
change f and g in Equation (9) to obtain a similar formula. Then
subtract this formula from Equation (9) to show that

//(f Vg — gVf) ndo = /// (f Vg — gV*f)dr. (10)
H JJ.

This equation is Green’s second formula.
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